Recurrent solutions of some autonomous equations  by Cronin, Jane
JOURNAL OF DIFFERENTIAL EQUATIONS 3, 595-600 (1967) 
Recurrent Solutions of Some Autonomous Equations* 
JANE CRONIN 
Department of Mathematics, Rutgers, The State University, 
New Brunswick, New Jersey 
Received November 10, 1966 
In a previous paper [I], the existence of periodic solutions for a class of 
nonlinear differential equations was established by a method which consists 
essentially in studying the stability properties of the Bendixson point at 
infinity and then applying the standard techniques of the Brouwer Fixed 
Theorem for nonautonomous systems and the PoincarbBendixson Theorem 
for 2-dimensional autonomous systems. Here, by using some theory of 
dynamical systems, we apply the same method to obtain recurrent solutions 
for n-dimensional autonomous systems. 
I am indebted to the referee for several helpful comments about this paper. 
We will need the following statement. 
THEOREM (Massera [4]). If 0 is an asymptotically stable critical point of 
an n-dimensional system 
3i ==f(x) 
where f has continuous first derivatives in all variables, there is a Lyapunov 
function V(X) (defined as in [I]) whose domain is a neighborhood N of 0 
such that at each point of N - {0}, 
(wad V - (f) < 0; (1) 
and given a neighborhood N1 C N, there is an open set U such that 0 E U 
and 0 C N1 , and a positive constant c such that U = [z/V(x) < c] and 
0 - U = V, where V, denotes the level surface [x/V(x) = c]. 
(Massera’s paper [4] contains far more extensive results than the theorem 
just stated which is a corollary of Theorem 14*, p. 192 of [4]. We have 
merely stated in convenient form the particular result which we need.) 
* The research in this paper was supported by the U.S. Army Research Office- 




THEOREM 1. Given the autonomous n-dimensional system 
a$ = Bi(Xl ,*a., %> +f@, ,--*, %I> + 4(X1 ,--a, xn) (i = l,..., n) (4 
which satisfies the following conditions: 
(1) The functions Ai (i = l,..., n) have continuous Jirst derivatives in all 
variables for all real values of x, ,..., x, ; and each Ai is bounded for all real 
(Xl ,***> x,), i.e., there is a constant M > 0 such that, for all real (x1 ,..., x,), 
1 Ai(x, ,..., x,)1 < M. 
(2) E is a real parameter. 
(3) There exist n polynomials p!‘)(xl ,..., x,) ,..., pr)(xI ,..., x,), each homo- 
geneous in x1 ,..., x, of degree s, where s > 1, and such that, for i = I ,..., n, 
lirn fi(‘l “.” xn> = 1 
9-m p(8i)(X1 ,..., X,) 
where r = (xFS, x$1/2. 
(4) The functions Bi (i = l,..., n) have continuous first derivatives in all 
variables for all real values of x1 ,..., x,, , and each Bi has order less than s in 
xl ,..., n , z.e., x * 
lirn Bi(xl r***> %> = 0 
l.+m r8 
Then if 0 is an asymptotically stable critical point of 
cGi =py (x1 ,..., x,) w 
and if for each E with 1 E ) less than a fixed positive e,, the set of critical points 
of (E) is finite and sf each critical point is asymptotically stable as t -+ -CO, 
there is a positive constant c2 such that zf 1 E 1 < c2 , Eq. (E) has at least one 
recurrent solution which is not a critical point. 
Proof. Since 0 is an asymptotically stable critical point of (H), then by 
Zubov’s Theorem (see [I], Section II; Lefschetz [3], Theorem (13.2), p. 16; 
or Zubov [d], Chapter 2) there exists a quadratic form V(x, ,..., XJ such that 
(a) V(xl ,-, x,) > 0 except the origin, 
(b) & 1% (xl ,..., x,,),/ { p$iYx, ,..., x,,)} -=c 0 except at 0. 
By condition (b) on V, the hypothesis on fi ,..., fn , condition (4) on the Bi 
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condition (1) on the Ai and by standard higher-order arguments, there exist 
a positive number K, and positive numbers or and 6 such that if K > K,, 
and if ) E 1 < or and if (er ,..., 5,) is a point on the ellipsoid gK described by 
V(x, ,.**, x,) = K 
then 
(For a proof of this, see [I], proofs of Theorem 1 and Corollary 2.) Thus 
we may conclude that there is a fixed ellipsoid gK such that any solution 
curve of (E) with ] E 1 less than cl which intersects gK crosses && going inward. 
Now let G(x, ,..., x,) be a function defined and with continuous first 
derivatives at each point (x1 ,..., x,) in R" and with the following properties: 
(i) G(x, ,..., x,) > 0 for all (x1 ,..., x,) E R*. 
(ii) G(x, ,..., x,) = 1 for all (x1 ,..., x,) inside a sphere U, with center at 
the origin, which contains the ellipsoid r&. 
(iii) There is a positive number MI such that, for i = I,..., n and for each 
(XI ,*a*, 4 E R”, 
I Mx, ,..., 4 + fi(xl , . . . . xn) + 4x1 ,..., x,)1 G(xl ,..., x,Jl < M, 
(For example, we may take G(x, ,..., xn) = I/r” at all points outside a sphere 
or with center at the origin and radius larger than that of u and define G 
in any “smooth” manner at points outside a and inside or .) 
Consider the system 
4 = [&(xl ,..., x,J + fi(x1 ,..., 4 + 4(x1 >...> xn)] G(x, ,..., x,z) 
(i = l,..., n). (D) 
Since the right side of each equation in system (D) is bounded, then each 
solution of (D) is defined for all real t. Thus (D) describes a dynamical 
system (as defined by Nemytskii and Stepanov, [5], p. 328) with Rn as the 
underlying topological space. Moreover, since (D) is the same as (E) inside 
the sphere u, the solution curves of (D) and (E) are identical inside cr. 
We complete the proof of Theorem 1 by using some theory of dynamical 
systems to show that (D) has in u a recurrent solution which is not a critical 
point. Take a fixed E such that ( E 1 < l a = minimum or). Let p, ,..., p, 
be the critical points of (E) that are in the interior of G;y . For j = I,..., m, 
let N(p,) be a neighborhood of pj such that N(p,) is in the interior of r& 
and such that the IV@) are pairwise disjoint. Since pi is asymptotically 
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stable as t + --co, then translating the origin of the coordinate system to 
pj and applying Massera’s Theorem, we conclude: there is a Lyapunov 
function V(j) such that V(j)(p,) = 0, the domain Nj of V(i) contains oj, 
the closure of an open set, where oj C N(p,), and there is a positive constant 
cj such that 
and 
uj = [x/V(~‘(x) < Cj] 
Dj - Uj = [x/V(jJ(x> = cj]. 
Denote oj - lJi by Wj . From condition (1) in Massera’s Theorem and 
the implicit function theorem, it follows that Wj is the underlying point 
set of a differentiable manifold. Condition (1) of Massera’s Theorem also 
implies that each solution curve of (E) that intersects Wj , crosses Wj 
(regarded as a differentiable manifold) going out of the set oj as t increases. 
Let P denote gK and its interior and let 
F=S- ij lJj. 
j=l 
It is a straightforward verification to show that the set of boundary points 
ofFis 
Hence every solution x(t) of(D) which p asses through a point in the interior 
of F (say at t = t,,) stays in F for t > to and is therefore positively Lagrange 
stable, i.e., stable L+ ([.5], p. 340). If x(t) is a fixed such solution, then the 
set Q of w-limit points of x(t) is nonempty and is contained in F (see [.5], 
pp. 338, 3401). But Q is an invariant closed set ([5], p. 338) and is compact 
because it is contained in F. Hence Q contains a minimal set M ([5], p. 374). 
The set M is a closed set in F and is therefore compact. Hence by a theorem 
of Birkhoff ([5J, Theorem 7.06, p. 375), every solution in M is recurrent. 
THEOREM 2. Given the autonomous n-dimensional system 
ff = P(x) + BA(X) (E-4 
where each component of P(x) is a polynomial in the components x, ,..., x, of x 
and the components of A(x) are functions of xl ,..., x,, which have continuous 
jifirst derivatives with respect to x1 ,..., x, for all real values of x1 ,..., x, and 
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are bounded for all real x1 ,..., x,, ; suppose 0 is an asymptotically stable critical 
point of the system 
i = g(t) 
which is obtained from 
f = P(x) 
by inversion (see Section III of [I]) an su d pp ose the set of critical points of 
(E-P) is fkite and each critical point is asymptotically stable as t -+ CO. Then 
if j E ] is sufficiently small, system (E-P) has at least one recurrent solution 
which is not a critical point. 
Proof. Let s denote a closed ball with center at the origin in the E-space. 
By Massera’s Theorem, there is a positive constant c and a Lyapunov 
function V(t) such that the sets 
v, = Lf/ V(5) = 4; u = K/W) < Cl 
have the following properties: 
(i) U u Ve C s and V, is the boundary of U. 
(ii) Vie is the underlying point set of a differentiable manifold (this follows 
from the implicit function theorem and condition (1) in Massera’s Theorem.) 
(iii) The solutions of ,$ = P(E) which intersect V, cross V, going into the 
set U as t --f UJ (this follows from condition (I) in Massera’s Theorem.) 
Let .Y denote the inversion operation from x-space into c-space (see [2], 
pp. 165-166; and Section III of [I]). Then 3-r = 9 and X( V,) and Y(U) 
have the following properties: 
(1) Y( V,) is the underlying point set of a differentiable manifold. 
(2) Solutions of 3i = P(x) which intersect 9(V,) cross Y( V,) going into 
thesetY(U)as t+ co. 
(3) Let ui be a sphere with center at the origin and such that o1 C U. 
Then the sphere 9(u1) contains 9(V) in its interior (where U’ denotes the 
complement of U). Thus Y(U’) . is a bounded set. Also [Y( U’)] u (0) is 
closed and the boundary of [Y( U’)] u {0} is .Y( V,). 
(4) Solutions of t = P(x) which intersect $(V,) cross Y(V,) going into 
the bounded closed set (Y( U’)} u (0) as t ---f --co. Hence for E sufficiently 
small, the same is true for solutions of (E-P). 
Let 9 denote the set [9( U’)] u {0}, and make the change of variable 
t + -T. The rest of the argument is the same as for Theorem 1. 
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Remarks. 1. Note that in Theorem 2 the polynomials which are the 
components of P(X) are not homogeneous and need not be of the same degree. 
2. There exist sufficient conditions (e.g., in terms of Lyapunov stability 
of the solution) that a recurrent solution be almost periodic (see [5], pp. 389- 
390). But since we have obtained only pure existence theorems, i.e., we 
have obtained only the information that the recurrent solution exists and is 
contained in a certain set (generally rather large) there seems little likelihood 
of being able to study the stability properties of such a solution. 
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